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Abstract 

Roughly speaking a solitary wave is a solution of a field equation whose 
energy travels as a localized packet and which preserves this localization 
in time. A soliton is a solitary wave which exhibits some strong form of 
stability so that it has a particle-like behavior. In this paper, we prove 
a general, abstract theorem (Theorem 1261) which allows to prove the ex- 
istence of a class of solitons. Such solitons are suitable minimizers of a 
constrained functional and they are called hylomorphic solitons. Then we 
apply the abstract theory to problems related to the nonlinear Schrodinger 
equation (NSE) and to the nonlinear Klein-Gordon equation (NKG). 
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1 Introduction 

In some recent papers (@], [5J, [5], fj?], [TT], [TJ]) the existence of solitons 
has been proved using variational methods. In this paper, we prove a general, 
abstract theorem ( Theorem |2"6")) which applies to most of the situations analyzed 
in the mentioned papers. 

The proof of Theorem[26]is carried out in two steps: in the first step (section 
[2]) the research of the minimizers of a constrained functional is reduced to the 
study of the minimizers of a suitable free functional. The existence of such 
minimizers is stated in Theorem [5J In the second step stability properties of 
these minimizers are proved (section @| . 

These two theorems (Theorem [5] and Theorem |2"6"|) can be applied to the 
situations described in the quoted papers relative to solitons. In section [4[ 
we give an abstract definition of soliton (Definition I22[) and hylomorphic soliton 
(Dcfinition l2"5|) . These solitons are stable minimizers of a constrained functional. 
Then we apply the abstract theorems dBJ an d [5] to new problems related to 
the nonlinear Schrodingcr equation (NSE) and to the nonlinear Klein-Gordon 
equation (NKG): in section [3] we use Theorem [8] in order to prove the existence 
of vortices for the NSE with a potential V which is periodic in one direction 
(Theorem [T2"|) . In section [5] we use Theorem [551 m order to prove the existence 
of hylomorphic solitons for NSE in a lattice, namely in presence of a periodic 
potential V. 

Finally in section [6j we use Theorem [26] to prove the existence of hylomorphic 
solitons for the nonlinear Klein-Gordon equation (NKG). 



2 A minimization result 

Let E and C be two functionals on an Hilbert space X. We are interested in 
the following minimization problem: find values of a G M, such that E attains 
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a constrained minimum on 9Jt CT where 

D)l a :={ueX | \C(u)\=a}. 

In the next section, we will describe the abstract framework where we will work 
and then we will prove an abstract existence theorem. 

2.1 The abstract framework 

Wc need some definitions. These definitions are related to a couple (X, G) 
where G is a group acting on the Hilbert space X. In our applications G will be 
a subgroup of the group of translations. 

Definition 1 A non-empty subset T C X is called G-invariant if 

Vu e r, v 5 e G, gu e r. 

Definition 2 A functional J on X is called G-invariant if 

Vg E G, Vu e X, J (gu) = J (u) . 

Definition 3 A closed G-invariant set T C X is called G-compact if for any 
sequence u„ in T there is a sequence g n <G G, such that g n u n has a converging 
subsequence. Clearly a sequence u„ in X will be called G-compact if its image 
is G-compact. 

Definition 4 A G-invariant functional J on X is called G— compact if any 
minimizing sequence u„ is G— compact. 

Clearly a G-compact functional has a G-compact set of minimizers. 
In order to prove an existence result for the minimizers of E on 9Jt CT , we 
impose some assumptions to E and G; to do this we need some other definitions: 

Definition 5 (Splitting property)We say that a functional F on X has the 
splitting property if given a sequence u„ = u + w„ in X such that w n converges 
weakly to 0, we have that 

F(u„) = F(u)+F(w„) + (l). (1) 

Remark 6 A symmetric, continuous quadratic form satisfies the splitting prop- 
erty; in fact, in this case, we have that F(u) := (Lu, u) for some continuous 
selfajoint operator L; then given a sequence u„ = u + w„ with w„ — weakly, 
we have that 

F(u n ) = (Lu, u) + (Lw n , w„) + 2 (Lu, w„) 
= F(u) + F(w n ) + o(l). 

Now we can formulate the required properties on E and G : 
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• (EC-1) (Value at 0) E, C are C 1 , bounded functional such that 

E(0) = 0, (7(0) - 0; E'(0) = 0; C"(0) = 0. 

• (EC-2) (Invariance) E and C are G-invariant. 

• (EC-S) (Coercivity) We distinguish two cases: C > and C not posi- 
tive. If C > we assume that there exists a > and s > 1 such that 

- (i) £(u)+aC(u) s > 0; 

- (ii) if ||u|| -> oo, £/ien -E(u) + aC(u) s -> oo; 

- (iii) for any bounded sequence u„ in X such that E(u n )+aC(u n ) s — > 
0, we /iaue ffcaf u„ -4- 0. 

in the case in which C is not positive we assume that (i), (ii), (iii) hold 
true with a = 0. 

• (EC-4) (Splitting property) E and C satisfy the splitting property. 
Before stating our main theorem we need this definition: 

Definition 7 A bounded sequence u„ in X is called vanishing sequence if 

for any subsequence u„ fe and any sequence g^ C G, 5feU„ fc converges weakly to 
0. 

Observe that the notion of vanishing sequence depends on the group G acting 
on X. Clearly a bounded sequence u„ in X is a non- vanishing sequence if there 
exists a subsequence u„ fe and a sequence gk C G, such that 3feU„ fe converges 
weakly to some u^0. 

So, if u„ — > strongly, then u„ is a vanishing sequence. However, if u„ — ^ 
weakly, it might happen that it is a non-vanishing sequence. 



2.2 The minimization theorem 

We now set 

A(u » := icwi 

and 

Aq := inf {liminf A(u„) | u„ is a vanishing sequence} . (2) 
Now we state and prove the following existence result: 

Theorem 8 Let E and C be two functionals on a Hilbert space X and G be a 
group acting on X. Assume that E and C satisfy (EC-1),..., (EC-4) an d 

infA(u) < A . (3) 
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Then there is S > and a family of values c$, S € (0, 5) , such that the minimum 

e s = mm{E(u) | |C(u)| = c s } (4) 

exists and the set T C6 of minimizers is G-compact. Moreover T C6 can be char- 
acterized as the set of minimizers of the functional 

J 5 (u) = A(u) + <5$(u) Se (0,5) 

where $(u) = E(u) + 2a \C{u)\ s with a as in (EC-3). 

Remark 9 When we will apply Th. it is necessary to estimate Ao; the fol- 
lowing inequalities may help to do this. In order to give an estimate from below, 
assume that there exists a seminorm ||u|L such that 

{u„ is a vanishing sequence} =>■ ||u n |L — > 0. (5) 

Then we have that 

A > liminf A(u). (6) 

Let HI! denote the norm in X. Since 

1 1 u T1 1 — > =>■ {u„ is a vanishing sequence} , 

we have that 

A < liminf A(u). (7) 

||u|HQ 

Moreover, if E and C are twice differentiable in 0, by (EC-0), we have that 

E(0) + E'{0) [u] + E"(0) [u, u] + o(||u|| 2 ) 



liminf A(u) = liminf 



ll u l|->-0 || U || — 5-0 

E"(0) [u,u] 



C(0) + C"(0) [u] + C"(0) [u,u]+ (||u|| 2 ; 



inf- 



\C"(0) [u,u]| 

and hence 



ic»(o) [u.uir 

It is can be seen that in many applications the two limits (0|) and ^ coincide 
and in this case we get a sharp estimate for Aq. 



Remark 10 If X = H 1 ^) and G = Z N with the action {9$, then (see 
Proposition^^) the norm \\u\\^ = ||u|| Lt , t € (^ij^jj ,N>3, satisfies the 
property {5p of the preceding remark^ and consequently it satisfies also (G|)J. 

Remark 11 The fact that the minimization problem of E on 9Jt CT reduces to the 
minimization of a free functional Js(vl) is very useful in numerical simulation. 
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Proof of theorem [S] By there exists v € X such that A(v) < Ao, then 
we can take S > so small that 

J a (v) = A(v) + <J$(v) < A 

and define 

5 = sup {5 | 3v : A (v) + <5$(v) < A } . 

Then 

inf J s (u) < A for 5 G (0, 5) . (8) 

Now we show that 

J S (u) > |$(u) - M (9) 
where ¥ is a suitable constant. Clearly, if C is not positive, we have a = 



in (EC-3)(i); then $(u) = £(u) > and J 4 (u) = yg^j + SE{u). Then © is 
obviously satisfied. 

Now assume that C(u) > 0. By (EC-3)(i) we have that 

E(u) > -aC(u) s (10) 

and hence 

Then, by dTUJ) and CU}, we get 
Ji(u) = + *&(u) > -aC(u)- 1 + 5 - [E(u) + 2aC(u) s ] + £$(u) 

> -aC^u) 8 " 1 + - [-aC(u) s + 2aC(u) s ] + -$(u) 

> -aCCu) 3 " 1 + yC(u) s + |$(u) > ^ *(u) - M 

where 

M= -amin ( -t s - t s ~ l 

Then (|9]) has been proved. 

Now let us prove that Js is G— compact (see Definition 0}. 

Let u n be a minimizing sequence of Js- This sequence u„ is bounded in X. 
In fact, arguing by contradiction, assume that, up to a subsequence, ||u„|| — > oo. 
Then by ((9]) and (EC-3) (ii) we get Js(u n ) —> oo which contradicts the fact that 
u„ is a minimizing sequence of Js- 

Since u„ is minimizing for Js, by ([8]l. there exists r\ > such that, for n 
sufficiently large, 
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then 

A(u »> = i§£3T <A »-"- (12) 

On the other hand 

A(u„) is bounded below. (13) 

In fact: since $ is bounded and u„is bounded in X, $(u„) is bounded. So we 
deduce from ([9]) that Ja(u n ) is bounded below. Then A(u„) = J,5(u„) — <5$(u„) 
is bounded below and so (|T3| is proved. By (fT2j) and (|T3| we have, for some 
subsequence, that 

A(u„) A, - oo < A < A . (14) 

Then, by ([2]), u„ is a bounded non vanishing sequence. Hence, by Def. we 
can extract a subsequence u„ fc and we can take a sequence gk C G such that 
u fc ; ~ .9fc u «fc i s weakly convergent to some 

u^O. (15) 

We can write 

u' n = u + w„ 

with w„ — »■ weakly. We want to prove that w„ — > strongly. First of all we 
will show that 

lim$(u + w„) > $(u) + lim$(w„). (16) 

If C(u) is not positive we have a = in (EC-3)(i), then $(u) = E(u) and 
clearly (TTBl holds as an equality since E satisfies assumption (EC-4) (splitting 
property). 

Now assume that C(u) > 0. Then by (EC-4) and since s > 1, we have that 

lim$(u + w„) = lim (E(u + w„) + 2aC(u + w„) s ) 

= E(u) + lim E(w n ) + 2a lim (C(u) + C(w„)) s 

> E(u) +lim£;(w n ) +2alim(C(u) s + C(w„) s ) 

= E(u) + 2aC(u) s + lim^(w„) + 2alimC(w„) s 

= $(u) +lim$(w„). (17) 

So ([T^]) has been proved. 
Next we show that 

C(u + w n ) does not converge to 0. (18) 

Arguing by contradiction assume that C(u + w n ) converges to 0. Then, since 
u + w n is a minimizing sequence for J$, also E(u + w n ) converges to and then 

E(u + w„)+a \C(u + w n )| s -> 0. 

So, by (EC-3)(iii), we get 

u + w n ^0in X (19) 
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From p^|) and since w n — weakly in X, we have that u = 0, contradicting 
(fT5|) . Then (fT8|) holds and consequently, up to a subsequence, we have 

|C(u + w n )| = |C(u) + C(w„) + o(l)| > consi. > 0. (20) 

Now, we set 

js = MJ S = lim Js(u' n ); e$ = E(u); c s = |C(u)| 
e\ = limE(w n ); a = lim |C(w„)| . 

Observe that the limits lim£'(w n ) and lim|C(w n )| exist (up to subsequences), 
since E and C are bounded functionals and w„ weakly converges. 
Now we have 

, £(u)+£(w»)+o(l) e s + ei 

|C(u)+C(w„) + o(l)| " c s + Cl ■ [ ' 

In fact, as usual we distinguish two cases: if C > (|2Tj) holds since 

lim (C(u) + C(w n ) + o(l)) = c* + c x . 

On the other hand, if C is not positive, by (EC-3)(i), we have E > and in this 
case 

lim |C(u) + C(w„) + o(l)| < cs + ci. 

So (|2"Tj) holds also when C is not positive. 
Now by JUJl and (HHD , we have that 



36 = lim 
= lim 



MK)\ ( n> . 

E(u) + B(w„) + o(l 



> 



|C(u)+C(w n ) + o(l)| 
e<5 + ei 



<51im$(u + w n ) 



cs + c\ 

Now we want to prove that 



(51im$(w, i ) + cKf>(u) 



_£i _££ 

ci ~~ C5 

We argue indirectly and we suppose that 

es gi 

C5 Cl 



By the above inequality it follows that 
e«j + ei 



C«5 + Cl ca + Ci 

and hence, by (|22|) and (1251) . we get 

es + c\ 



St c 5 + ^ Ci ^ C,5 + sl Cl 

Cl 1 Cl Cl 1 



Ci + Cl 



ei 

Cl 



(22) 
(23) 

(24) 
(25) 



id > 



cs + Ci 



(51im$(w n ) + 5$(u) 
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>— + 5 lim $(w„) + (5$(u) = lim Jg(w n ) + <5$(u) 

Cl 

> inf J s + 5<P(u) = j s + 5<P(u) > j 5 . 

So we get a contradiction and (j2"4"]) cannot occur. Then we have 
Now, by ([23]). we get 



e<5 + ei — c 5 + — c x ^ — c A + — c x e& 



So we get 



eg + Cl C5 + Cl C,5 + Cl C,5 



ea + ei e 5 



ca + Ci eg 

Then, using the above inequality and the fact that js = inf J<s,we get 
js > e<5 + ei + 5$(u) + JUm$(w n ) 

C5 + Cl 

> — + d$(u) + <J lim $(w„) 

ca 

= J 5 (u) + <51im$(w n ) > j a + Jlim$(w n ). 

Then 

(51im$(w„) < 

and, by (EC-3)(iii), w„ — > and hence — > u strongly and u is a minimizer 
of J s . 

So we conclude that Js is G— compact. 

Since u is a minimizer of Js, clearly u minimizes also the functional 
jB(u) + S [E(u) + acl] = (—+s) E(u) + 5ac s s 



cs \ cs 

on the set {uel |C( U )I — c s} and hence u minimizes also E on this set. 
Now denote by T Cs the set of such minimizers. It is easy to see that viceversa 
T Cs is contained in the set of minimizers of Js- So, since Js is G-compact, we 
conclude that T C5 is G-compact. 
□ 



3 An existence result of vortices for NSE 

The existence of vortices is an interesting and old issue in many questions of 
mathematical physics as superconductivity, classical and quantum field theory, 
string and elementary particle theory (see the pioneering papers pQ, |25j and 
e.g. the more recent ones [24], [29], [30], [28] with their references). 

From mathematical viewpoint, the existence of vortices for the nonlinear 
Klein-Gordon equations (NKG), for nonlinear Schroedinger equations (NSE) 
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and for nonlinear Klein-Gordon-Maxwell equations (NKGM) has been studied 
in some recent papers ( [18], [2], [3], [10], [IB], [7], [8], [15]). 

Many of the previous results can be obtained applying ThJ5] Here we will 
consider a case not covered by the existing literature, namely the study of vor- 
tices in NSE when the potential V(x) depends only on the third variable and it 
is periodic, namely for all k € Z 

V(xi,x 2 ,x 3 )=V(x 3 ) = V(x 3 + k). (26) 

3.1 Statement of the problem 

Let us consider the nonlinear Schroedinger equation: 

dib 1 1 
i-^ = --AiP + -W'(iP) + V(x)ip. (NSE) 

where ijj{t,x) is a complex valued function defined on the space-time M x M. N 
(N > 3), V : R N ^ R, W : C ->• K such that W(ip) = F(\ip\) for some smooth 
function F : [0, oo) — > R and 

Tirl , dW 8W 
9-01 dip 2 

namely 

Equation (|NSE[) is the Euler-Lagrange equation relative to the Lagrangian 
density 

C = Re {idt-H) ~ g l v ^| 2 - V(x) |V>| 2 - W (V>) • 

By the well known Noether's theorem (see e.g. [35], [5]) the invariance of £ 
under a one parameter Lie group gives rise to a constant of the motion. 
Since C is invariant under the action of the time translations the energy 



dx + / W{i>) 



£M = \ J [ivvf + Wb 

is constant along the solutions of fNSEj. 

Since W(tp) = F(\ip\), C is invariant under the S 1 action 

then the charge C(if>), defined by 

cw= / M 2 , 



is constant along the solutions of (jNSEj) (see e.g. [9]). 
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The angular momentum, by definition, is the quantity which is preserved by 
virtue of the invariance under space rotations (with respect to the origin) of the 
Lagrangian. We shall consider, for simplicity, the case of three space dimensions 
N = 3. If we assume that 

V(xi,X2,X 3 ) = V{x 3 ) 

namely that V depends only on the third coordinate, then the Lagrangian is 
invariant under the group of rotations around the axis X3 . In this case the third 
component of the momentum 



M 3 (V0 = Re J (xid Xa i/} - x 2 d xx ip) dx (28) 
is a constant of motion. Using the polar form 

i/>(jt, x) = u(t, x)e iS ^ , u > (29) 
Ms(ij}) can be written as follows 

M 3 W = J (xA 2 S - x 2 d Xl S) u 2 dx. 

A solution of (INSEp is called standing wave if it has the following form: 

t/, (t, x) = iPo (x) e~ lut , co>0 (30) 

A vortex is a standing wave with nonvanishing angular momentum. 

It is immediate to check that if ipo (%) in f|3Q|l has real values, the angular 
momentum M^i/)) is trivial. However, if ipo (x) is allowed to have complex val- 
ues, it is possible to have M^{iji) =^ 0. Thus, we are led to make an ansatz of the 
following form: 

tp(t,x) =u(x)e l(ee(x) - ult) , u(x) >0, wel, f€Z-{0} (31) 

and 

9 (x) = Imlog(xi + 1x2) G M/27tZ; x = (xi, X2, X3). 
Moreover, we assume that u has a cylindrical symmetry, namely 



u(x) — u(r,xs), where r — \jx\ + x\. (32) 

By this ansatz, equation (INSEp is equivalent to the system 

-Au + £ 2 1 V6»| 2 u + W (u) + 2V(x 3 )tJj = 2uu 
u 2 A9 + 2Vm • V0 = . 

By the definition of 9 and ([32]) we have 

A9 = 0, V6»-Vu = 0, \^9\ 2 = -^ 
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where the dot • denotes the euclidean scalar product. 

So the above system reduces to find solutions, with symmetry (|32[) . of the 
equation 

e 2 

- Au + — u + W (u) + 2V(x)u = 2luu in M 3 . (33) 

Direct computations show that the energy and the third component of the an- 
gular momentum become 



Ei («) =s(u (x) e *(«C*)-<-*) 



If 



+ V{x) )u z + W (u) 



dx 



3 {u(x)e l(mx ^) =-£ 



l dx. 



(34) 
(35) 

(36) 



We point out that M3 in (|36|> is nontrivial when both £ and u are not zero. 
Let us remark that the solutions of equation (|33l) can be obtained as critical 
points of the functional (I3"4l on the manifold 

97l c := {u G X I C{u) = c} 

where X is the Hilbert space obtained by the closure of V(J& N with respect 
to the norm 

\Wu\ 2 + ( 4 + 1 J <£s. (37) 



A" 



Thus we can apply the minimization result (Theorem [8]) stated in section [2j 
Cleary, using this approach, 2lo will be the Lagrange multiplier. 



3.2 Existence of vortices 

Recall that W(ip) = -Fd^p.With abuse of notation, in the following we write 
W instead of F We make the following assumptions: 

(i) W : M+ —> K is a C 2 function which satisfies the following assumptions: 

W(G) = W'(0) = W"(0) = (W ) 



\W'(s)\ < CiS 1 - 1 + C2S"- 1 for q, r in (2, 2*), 2* = 



2N 
N — 2 



N>3 (W x ) 



W(s) > -cs p , c>0, 2<p<2 + — fors large 



3s e 



such that 



W(s ) 



< inf V — sup V 



(W 2 ) 
(W 3 ) 



1 D(R JV ) denotes the space of the infinitely differentiable functions with compact support 
defined in K^. 
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(ii) V : R — > R is a continuous function which satisfies the following assump- 
tions: 

1 < V(x) < V < oo; (V ) 

Vk G Z, V(x) = V(s 3 ) = V(*a + fc). (Vi) 

We get the following theorem: 

Theorem 12 Assume that (Wq),...,(Ws) and |Vq[ ), (Vi),are satisfied. Then, 
for any integer £ ^ 0, i/iere ezisi 5 > and a family ip$, 6 £ (0, (5), o/ vortices 

of ANSE\) with angular momentum ^0, 0, — £ J R3 \ips\ 2 dx^j . 

Remark 13 The conditions JWq[ ) and fiVgu are assumed for simplicity; in fact 
they can be easily weakened as follows 

W(0) = W'(Q) = 0, W"(0)=E Q 

and 

Ei < V(x) <V < +oo. 
In fact, in the general case, it is possible to replace W(s) with 

W 1 (s)=W( S )-^E s 2 

and V(x) with 

V 1 (x) = V(x)-E 1 + l. 
In this case equation 133\) becomes 

£ 2 

-Au+—u + W{(u) + 2Vi(x)u = (-E -2E 1 +2 + 2lj)u in R 3 . (38) 

Thus in the general case, there is only a change of the lagrange multiplier and 
so the solution of the Schroedinger equation is modified only by a phase factor. 

By the preceding subsection we deduce that the existence of vortices of 
angular momentum I is reduced to find critical points, having the symmetry 
(j32|) . of the functional E e (J33J on 9Jt c . 

Now consider the action Tg of the group S 1 on u(x±,X2, £3) € X, defined by 

R 

T e u = u(Rg(xi,X2),x 3 ), 0G— (39) 

where Rg denotes the rotation of an angle 9 in the plane x\, 22. We set 

X r = {u G X I u = u{r, x 3 )} , TV C = DJl c n X r . 

Observe that V depends only on x 3 , then the functional E% is invariant under 
the action ([3"!)]) . So by the Palais principle of symmetric criticality [35], the 
critical points of Eg on DJl^ are also critical points of Eg on 97t c ;moreover these 
critical points clearly have the symmetry (|32[) . 

These observations show that the proof of Theorem [12] is an immediate 
conseguence of the following proposition: 
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Proposition 14 Let the assumptions of Theorem be satisfied. Then , for 
any integer £, there exist 6 > and a family of values of charges c$, 6 £ (0, S), 
such that Eg possesses a minimizer on any £Dt£ 5 . 

In order to prove Proposition Q3] we shall use Theorem [5] In this case we 
have 

u = u, u G X r and E(u) — Eg(u), C(u) = C(u) — J u 2 dx 



where Eg(u) is defined in (|34|). 

Observe first that, by QI^iD , Eg is invariant under the action T). of the group 
G = Z on X r defined by 

T k u(r, x 3 ) = u(r, x 3 + k), fceZ 

Clearly Eg and C satisfy assumptions (EC-1), (EC-2). 

In the following Lemmas we shall show that Eg and C satisfy also (EC-3), 
(EC-4) and ©. 

Lemma 15 Let the assumptions of Theorem \1<H be satisfied. Then Eg and C 
satisfy the coercivity assumption (EC-3). 

Proof. We recall a well known inequality: there exists a constant b p > 0, 
such that for any u in H X {U. N ) (N > 3) 

\\u\\ LP <b p \\u\\ L2 U p) \\Vu\Q* (40) 



Then 



(41) 



Since 2 < p < 2 + ±, then pN (± - M := q < 2. So 

M P LP <b p \\u\\l 2 \\Vu\\l 2 (42) 

where r — p — pN ( ~ — ij = p — q > 0. 
Then by Holder inequality we have 

IHIJp^fcpMHull^-lllVull*, 



<i(^iHr L2 r' + i(i||vuii« 2 ) 



7 



i2 T 7 Arr l|V ,l£a ' 



Now chose 7 = | and A/ = (where c is the constant in assumption 

(W 2 )) so that 



lip < / + 2^|]Vu|| ia . 
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Then 

c\\u\\ p LP <a\\u\\l% + ±\\Vu\\l 2 (43) 

where 

c {b p M) Y ri 

a = ; 5 s = —. 

y 2 

So we have, taking N = 3, and using (W 2 ) and (|4"31 



E t {u) + aC{u) s = -||Vu||£ a + Vu 2 +£ 2 ^+ / W(«) + a|M|l s 2 



> ^|V U || 2 L2 +| Vtf+pJ^-c J \uf + a\\u\\% 
>£ 2 + f Vu 2 . (44) 



Observe that, since p > 2, we have s > 1. So (EC-3)(i) is satisfied. Moreover it 
can be easily verifed that also (EC-3)(ii) is satisfied. 

Now let us prove (EC-3)(iii). Let u n be a bounded sequence in X r such that 
$(u„) 0, then by (g3J| we have 



+ / y< -> 0. (45) 



So J" it 2 — > and £ 2 J — > 0. Then, in order to show that it„ goes to in X r , 
it remains to prove that 

||Vu»||£2 -> 0. (46) 
Since u n is bounded in Xr, by (|42p we get 

tn| P -> 0. (47) 

Since $(it n ) — > and by assumption (W2), we have 

= lim(E e (u n ) + aC(u n ) s ) > limsup(i||Vw„||2 2 + D n ) (48) 

where 

D n =e 2 J^§+ Jvu 2 n + aJu 2 n -cJ\u n \ p . (49) 

By gSD and (g7J) we get D n -> 0. So by (gHJ) we deduce (gBJ. 
□ 

Lemma 16 Let £/ie assumptions of theorem be satisfied. Then Eg and C 
satisfy the splitting property (EC-4)- 
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Proof. Consider any sequence 

u n = u + w n G X r 
where w n converges weakly to 0. We set 

E e (v) = A(v,v)+K(v) 



where 



and 



A(v,v) 



2 



K(v) = I W{v)dx. 

Since C{v) = J v 2 and A(v, v) are quadratic, by remark^ we have only to show 
that K(v) satisfies the splitting property. For any measurable icK 3 and any 
v G X r , we set 



K A {v) = / W{v)dx. 

J A 

Choose e > and R = R(e) > such that 

\K Br (u)\<e 

where 



(50) 



B C R — R N — B R and Br = {x eR n : \x\ < R} . 

Since w n — v weakly in H 1 (M. 3 ), by usual compactness arguments, we have 
that 

K Br (w n ) -* and K Br (u + w n ) -> K Ba (u) ■ (51) 
Then, by fjO) and ([5Tj). we have 



lim \K (u + w n ) -K{u)-K (w n )\ 

n—^oo 

= lim I K B c (u + w n ) + K Br (u + w n )- K B% (u) - K Br (it) - K B% (w n ) - K Br (w n ) I 
= lim \K B % {u + w n ) - K B c (u) - K B c (w n )\ 

< lim |*r fl . ( u + Wn ) - K B c (w n )\ + e. (52) 

Now, by the intermediate value theorem, there exists C„ € (0, 1) such that 
for z n — ( n u + (1 — £„) w n , we have that 



\K B c r (u + w n ) - K Br (w n ) \ = (k' Br (z„),uj 



1G 



< / \W'{z n )u\ < (by flWTJ) (53) 



< / c 1 \z n \ r - 1 \u\ + c 2 \z n \ q - 1 \u\ (54) 

< ci 1 1 ^|| 27(50) lM| ir(S c) + c 2 ||«nlli7(fl 6 ) IML, (Bfi) (55) 

(if R is large enough) (56) 

< C 3 (iknll^By + IKHl7(B£)) £ (57) 

So we have 

\K B c R [u + w n ) - Kb^ (w n )\ < c 3 (\\z n 1127(3= ) + IK 1 1 17(5= J e (58) 

Since z n is bounded in i/ 1 (K 3 ) , the sequences |KHl7(bc ) and |K||£ 9 ( S c ^are 
bounded. Then, by ([5^)1 and (1551 . we easily get 

lim IX (u + w„) -K{u)-K (w n )\ < e + M ■ e. (59) 
n— >oo 

where M is a suitable constant. 
Since e is arbitrary, from (1591) we get 



lim | if (u + w n ) — K (u) - K (w n )\ = 

n—too 

□ 

Now in order to prove that assumption Q is satisfied some work is necessary. 

Set 

A(u) = f^f 
C(u) 

First of all we have: 

Lemma 17 If the assumptions of Theorem ] l'A are satisfied, then for 6 > t > 2, 
we have 

y(\vu\ 2 + ^)d X +fv u 2 

liminf A(u) = inf 



u£X r ,\\u\\ L t->0 ueX r \\u\\ Lt = l J u 2 

Proof. Clearly 

E(eu 



liminf A(«) = liminf 



ueJf r ,||i*|| it -)-Q u£X r ,\\u\\ Lt = l,e^oC(eu) 

(u(\vu\ 2 + ^)d X +jvui\ Jw{£u) 

inf i j-1 + liminf J V ' 

uex r ,||u|| it =i, I J u z J uex r ,\\v,\\ L t=i,e-X3 e J w 
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So the proof of Lemma will be achieved if we show that 

hminf l^$=0. (60) 

By assumptions (Wi) and (W2) we have 

- cs p < W(s) < c{s q + s r ) (61) 

where c, c are positive constants and q,r in (2, 6). 
Then by (|6ip we have 

-cAe p - 2 < inf L^j5$<cB(e q - 2 +e r - 2 ) (62) 

where 

u£X r ||u|| it =l J 7/ «6Jf r || 1 i|| £f =l J vr 

By ([62} we easily get (|60| . 
□ 

Now consider the following action of the group G = Z on X r : 

for all u € X r , fc g Z Tku{x\,X2,x 3 ) — u{xi, x%, x% + k) 

The following proposition holds 

Lemma 18 // 2 < £ < 6, i/ie norm \\u\\ Lt satisfies the property |TS]). namely 

{u n is a vanishing sequence} =£• ||u„|| Lt — > 0. 

Proof. Let u n be a G-vanishing sequence in X r and, arguing by contradic- 
tion, assume that ||u n |lit does not converge to 0. Then, up to a subsequence, 

IKHi* > a > 0. (63) 

Since ti„ is bounded in X r , we have that for a suitable constant M > 

KH 2 ffl < M. (64) 

Now we set 

Qi = {(xi,x 2 ,x 3 ) : i < x 3 < i + 1} , i integer. 

Clearly 



l 3 = 



\jQi 
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Let C denote the constant for the Sobolev embedding H 1 (Qi) C L f (Qi) ,then, 
by (|63|) and |64|) . we get the following 



< a 1 < / \u n \ l =J2 = I' 1 '" '' ■'" > ■ " 



i|li*(Q 4 ) IKIIi^Qi) 



< (sup||«n||i t ( Q4) ) -^Ih/ 



t—2 \ n ||2 



< C^sup||u„||it^Q 4) J ■X||"«|Ihi (Qi) 

= C ^sup||u„||^ ( 2 Qi) ^ IK < CM ^sup||u„||i7 ( 2 Qi) 
Then 

/ \ / a* \ 1/(t - 2) 

^supKH^j^^— j 

So, for any n, there exists an integer i n such that 

\\u n \\ Lt{Qin) >a>0. (65) 

Then 

\\ T i n U n\\ L t(Q ) = IKIL«(Q 4 J > a > 0. 

Since jj„ and then T in u n is bounded in X r , we have, passing eventually to a 
subsequence, that 

T ; u n — uq weakly in X r . 

Clearly, if we show that uq ^= 0, we get a contradiction with the assumption 
that u n is nonvanishing. 

Now, let ip — ip (x 3 ) be a nonnegative, C°°-function whose value is 1 for 
< X3 < 1 and for |rc3 1 > 2. Then the sequence ipTi n u n is bounded in 
Hq(R 2 x (—2,2)), moreover (pT^Un is invariant under the action (|59")l . Then, 
using the compactness result proved in |21j . we have 

<pT ln ii n x strongly in L*(M 2 x (-2, 2)). 

On the other hand 

ipTi n u n — > tpuo a.e. (66) 

Then 

cpT ln u n -> ipu strongly in L* (M 2 x (-2, 2)). (67) 

Moreover 

ll^„u„|| L 3 (R2x( _ 2 2)) > \\yT in u n \\ Lt{Qo) = |KH L t (<34B ) > a > 0. (68) 
Then by ((6TJ) and (JBHJ) 

ll^ || L 3 (R2x( _2 !2)) > a > 0. 
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Thus we have that uq ^ 0. 
□ 

Finally it remains to show that also assumption ([3]) is satisfied. 
Lemma 19 Let the assumptions of Theorem \12\ be satisfied, then 

inf A(u) < A . 

u£X r 

Proof. We shall show that there exists u 6 X r such that A(u) < Ao- The 
construction of such u needs some work since we require that u belongs to X r , 
namely we require that u is invariant under the iS 1 action (|39[) and it is near 
the x 3 axis, so that J ^ converges. 

For < /j < A we set: 

Tx,» = {{r,x 3 ) : (r - A) 2 + x 3 2 < fi 2 } 

and, for A > 2, we consider a smooth function u\ with cylindrical symmetry 
such that 

!so if (r,x 3 ) e T AjA/2 
(69) 
if (r, x 3 ) £ T a ,a/2+i 

where so is such that W s°^ < inf y — supF (see (W3)). Moreover we may 
assume that 

|Vu A (r,x 3 )\ < 2 for (r,x 3 ) G Ta,a/2+i\T a , a/2 . (70) 

We have 



/ \Vu x \ 2 + e -^ + 2Vu 



dx 



JW(u x )dx 



A <"»> = ^ 573 — + (71) 

By ([70]) and (|rJ!J|) a direct computation shows that 

|Vii A | 2 < 4meas(T x , x/2+1 \T x , x/2 ) < Cl A 2 (72) 

I ~2 - l^ meas ( T \ A/2+1) < C3A (73) 



t A > c i meas(T x ,\/ 2 ) > c 5 A (74) 
where ci, .., C5 are positive constants. So that 



/ |V UA | 2 + ^ + 2F U 2 



dx 



2 Jul 



<su P y + - . (75) 



20 



Now 



Then 



So 



|W(«a)| < c 6 meas(r A:A/2+ i\r AiA/2 ) < c 6 A 

2a,X/2-)-1 VTx,X/2 



W{u x )dx = W(s )meas(T XtX/2 ) + / W(u x ) 

J T\ l \ / 2 + 1 \ T\ | A / 2 

< Ty( So )mea S (T AiA/2 ) + / |W(u x )| 

^^A, A/2+1 \^A,A/2 

< W(s )meas(T XtX / 2 ) + c 6 A 2 . 



JW(u x )dx W(s )meas(T XtX/2 ) + c 6 A 2 
W(s )meas(T xx/2 ) c 6 A 2 



J«2 M 

Now, since W(sq) < 0, we have 



Ju 2 x ~ si \ A + 2 / A 
By dJ, ([75J) and (J7U) we get 



2 



supF-infy + infF+^Mf-A-V + ofv 



A+2/ VA 



By lemma H7I we have 



then 



liminf A(u) > infV 

uex r ,||u|| £t ->o 



w ( s o) ( A V , „{1 



(76) 



W(s )meas(T KX/2 ) < W( g0 )m eas (r A , A/2 ) = WYsp) / A A 2 
Ju 2 - s 2 meas (T A)A/2+1 ) s 2 + " 

Then by ([71|). ([76]) and ([771) we have 

/^(uA)da! < jgjgg) / A \ 2 | (?8) 



A(« A ) < supV-infV + liminf A(u) + ( — — ^ + O (t ) . ( 7!) i 

uex r ,||u|| it ^o s 2 V A + 2 / \V 

By assumption (W3) for A large we have 



^ V - MV+ -t{—2) + °U )<0 - (80) 
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By iJZgj and §U§ we get that for A large 



A(u x ) < liminf A(u). (81) 

uex r ,\\u\\ L t^o 

On the other hand, since by Lemma [TBI |||| L t satisfies the property ([5]), we 
have by ^ that 

liminf A(u) < A . (82) 

uex r ,||u|| it ->-o 

Clearly (15H and (152)1 imply that assumption © is satisfied. 
□ 



4 Existence of hylomorphic solitons 

4.1 An abstract definition of solitary waves and solitons 

Solitons are particular states of a dynamical system described by one or more 
partial differential equations. Thus we assume that the states of this system 
are described by one or more fields which mathematically are represented by 
functions 

u : R N -> V (83) 

where V is a vector space with norm | • \ v and which is called the internal 
parameters space. We assume the system to be deterministic; this means that 
it can be described as a dynamical system (X, 7) where X is the set of the states 
and 7 : R x X — >• X is the time evolution map. If uq(x) G X, the evolution of 
the system will be described by the function 

u(t,x) :=7 t u (x). (84) 

We assume that the states of X have "finite energy" so that they decay at 00 
sufficiently fast. Roughly speaking, the solitons are "bump" solutions charac- 
terized by some form of stability. 

To define them at this level of abstractness, we need to recall some well 
known notions in the theory of dynamical systems. 

Definition 20 A set T C X is called invariant i/Vu € r,Vt € M, 7fU e V. 

Definition 21 Let (X,d) be a metric space and let (X,j) be a dynamical sys- 
tem. An invariant set T C X is called stable, if Ve > 0, 35 > 0, Vu G X , 

d(u,r)<<5, 

implies that 

Vt > 0, d(7*u,r) < e. 
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Let G be a subgroup of (M , +) and consider the following action T z of G 
on X : for all z E G and u E X 

T z u(x) = u(x + z). 

Now we are ready to give the definition of soliton: 

Definition 22 A state u(x) E X is called soliton if there is an invariant set T 
such that 

• (i) Vt, 7tu(x) E r, 

• (ii) r is stable, 

• (mj r is G-compact (Def. 

Remark 23 The above definition needs some explanation. For simplicity, we 
assume that T is a manifold (actually, in many concrete models, this is the 
generic case). Then (Hi) implies that T is finite dimensional. Since T is invari- 
ant, Uo E r => 7(Uo G r for every time. Thus, since T is finite dimensional, 
the evolution of Uq is described by a finite number of parameters. The dynam- 
ical system (r,7) behaves as a point in a finite dimensional phase space. By 
the stability of T, a small perturbation of Uq remains close to T. However, in 
this case, its evolution depends on an infinite number of parameters. Thus, this 
system appears as a finite dimensional system with a small perturbation. 

Remark 24 The type of stability described above is called orbital stability in 

the literature relative to the nonlinear Schrddinger and Klein- Gordon equations. 

4.2 An existence result for hylomorphic solitons 

We now assume that the dynamical system {X, 7) has two constants of motion. 
These constants can be considered as functionals on X. One of them will be 
called energy and it will be denoted by E; the other will be called hylenic 
charge and it will be denoted by C. 

At this level of abstractness, the names energy and hylenic charge are con- 
ventional but E and C satisfy different assumptions; see assumption (EC-3) in 
section [2TT1 In our applications to PDE's, E will be the usual energy. The name 
hylenic charge has been introduced in [5], [3] and [5]. 

The presence of E and C allows to give the following definition of hylomor- 
phic soliton. 

Definition 25 A soliton Uo G X is called hylomorphic ifT (as in Def. \22\) has 
the following structure 

T = T (e , c ) = {u E X I E(u) = e , C(u) = c } 

where 

e = min{i;(u) | C*(u) = c } (85) 

for some cq £ 1. 
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Notice that, by (|55|) , we have that a hylomorphic soliton Uo satisfies the 
following nonlinear eigenvalue problem: 

E'(u ) = AC"(u ). 

Clearly, for a given Co the minimum eo in (|85p might not exist; moreover, 
even if the minimum exists, it is possible that T does not satisfy (ii) or (iii) of 
def. [H 

The following theorem holds 

Theorem 26 Assume that the dynamical system (^,7) satisfies (EC-1),...,(EC- 
4) and (0). Moreover assume that 

E and C are two constants of motion. 

Then there exists 5 > such that the dynamical system (X, 7) admits a family 
us (5 £ (0,<5) ) of hylomorphic solitons. 

The proof of this theorem will be given in the next section. 
4.3 A stability result 

In order to prove Theorem it is sufficient to show that the minimizers in Th. 
[8] provide solitons, so we have to prove that the set T C6 is stable. To do this, we 
need the (well known) Liapunov theorem in following form: 

Theorem 27 Let T be an invariant set and assume that there exists a differ- 
entiable function V (called a Liapunov function) such that 

• (a) V(u) > and V(u) = ^> u e V 
. (b) d t V( lt (u)) < 

• (c) V(u n ) -> & d(un,r) -> 0. 
Then T is stable. 

Proof. For completeness, we give a proof of this well known result. Arguing 
by contradiction, assume that T, satisfying the assumptions of Th. [27j is not 
stable. Then there exists e > and sequences u„ £ X and t n > such that 

d(u n , T) -> and d(j tn K) , T) > e. (86) 

Then we have 

d(u„, r) -► =>■ v(u n ) =^ i/( 7t „ (u„)) =^ d( 7t „ (u„) , r) -»■ 

where the first and the third implications are consequence of property (c). The 
second implication follows from property (b). Clearly, this fact contradicts (|86j). 
□ 
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Theorem 28 Assume (EC-1) and (EC-2). For u 6 X and eo,c € M. we set 

V (u) = (E (u) - e ) 2 + (C (u) - c ) 2 . (87) 

IfV is G-compact (see Def. \^ and 

r = {ueX: E(u) = e , G(u) = c } ^ 0, (88) 

i/ien every u £ Y is a soliton. 

Proof: We have to prove that Y in ([58"]) satisfies (i),(ii) and (iii) of Def. 
The property (iii), namely the fact that Y is G-compact, is a trivial consequence 
of the fact that Y is the set of minimizers of a G-compact functional V (see 
definitions [3] and 0J. The invariance property (i) is clearly satisfied since E and 
C are constants of the motion. It remains to prove (ii), namely that Y is stable. 
To this end we shall use Th. [27] So we need to show that V(u) satisfies (a), (b) 
and (c). Statements (a) and (b) are trivial. Now we prove (c). First we show the 
implication => . Let u„ be a sequence such that V(u n ) — > 0. By contradiction 
we assume that d(u n ,Y) 0, namely that there is a subsequence u n such that 

d«,r)>a>0. (89) 

Since V(u n ) — > also V(u' n ) — > 0, and, since V is G compact, there exists a 
sequence g n in G such that, for a subsequence u^, we have g n u" — > u . Then 

d«,T) = dfoX,r) < rf(.g„<,u ) -> 

and this contradicts ([89]) . 

Now we prove the other implication <= . Let u n be a sequence such that 
d(u n ,r) —> 0, then there exists v„ g T s.t. 

d(u„,r) >d(u n ,v„)-i. (90) 

Since V is G-compact, also Y is G-compact; so, for a suitable sequence g n , 
we have j„v„4wer. We get the conclusion if we show that V(u„) — > 0. We 
have by ([9"0]) . that d(u n ,v n ) —> and hence d(g n u n , g n v n ) —> and so, since 
<7n v n ~~ ^ w, we have g n u n — > w g Y. Therefore, by the continuity of V and since 
w e T, we have V (g n u„) — > V (w) = and we can conclude that V (u„) — > 0. 

□ 

In the cases in which we are interested, X is an infinite dimensional manifold; 
then if you choose generic eo and Co, V is not G-compact since the set Y = 
{uel: E(u) = e , C(u) = c } has codimension 2. However, Th. ([8]) allows 
to determine eo and Co in such a way that 1/ is G-compact and hence to prove 
the existence of solitons by using Theorem [28] 

Proof of Th. [26] In order to prove Th. [26] we will use Th. [28]with e = e s 

and cq = cs where es and eg are given by Th. [8] 



25 



We set 

V (u) = (E (u) - e s f + (G (u) - csf . (91) 

We show that V is G-compact: let w„ be a minimizing sequence for V, then 
V (w„) — ► and consequently E (w„) — > e$ and C (w n ) — > eg. Let Js be as in 
Theorem [5] Now, since 

inf Js = h 5 [ea + ocj] , 

we have that w„ is a minimizing sequence also for J^. Then, since Js is G- 
compact, we get 

w„ is G-compact. (92) 

So we conclude that V is G-compact and hence the conclusion follows by using 
Theorem gS] 
□ 



5 Existence of solitons for NSE with periodic 
potential 

In this section we shall study the existence of hylomorphic solitons on lattice 
for the Schrodinger equation (jNSEft in R N . 

The existence of solitons for (|NSE|) is an old problem and there are many 
results in the case V = ([2D], [TDJ, [5J and the references in [DJ). 

Here we assume that V is a lattice potential, namely we assume that the 
potential V satisfies the periodicity condition. 

V(x) = V(x + Az) for all x G M. N and z G 1 N {W) 

where A is a N x JV invertible matrix. 

Here we look for solitons and do not require they to be vortices, so the energy 
corresponds to the expression ([34)) with £ = 0, namely 



E(u)=E (u)= I 

JR 

As before the charge is 



- |Vu| 2 + V(x)u 2 + W (u) 



C(u) = / u'dx 



dx, u G X. (93) 



In this case X is the ordinary H 1 (R N ) Sobolev space. We shall consider the 
following action of the group G = T, N on X : 

for all z G Z N and u G X : T z u(x) = u(x + Az). (94) 

Clearly the charge G is G-invariant and, since V satisfies (jV^I) . also the energy 
E is invariant under this group action. The following Theorem holds: 
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Theorem 29 Let Wand V satisfy assumptions (Wo), (W3) and (Vo),(V 1 ). 
Then there exists S > such that the dynamical system described by the Schrddinger 
equation SNSE\) has a family us (5 £ (0,(5)) of hylomorphic solitons. 

The proof of this theorem is based on the abstract theorem [26j In this case 
the energy is given by ([93]) . We need to show that assumptions (Wo), (W3) 
and (Vb), (V{) permit to show that assumptions (ECT), ...,(EC-4) and ((3|) of 
theorem [26] are satisfied. 

(ECT) and (EC-2) are trivially verified. The proof of the other assumptions 
follows the same lines of the proof of Th. rT2] as we can see in the following 
lemmas: 

Lemma 30 E and C satisfy the coercivity assumption (EC-3). 

Proof. The proof is the same of that of lemma [T5l with £ = 0. 
□ 

Lemma 31 E and C satisfy the splitting property (EC-4)- 

Proof. The proof is the same of that of lemma [TBI with £ = 0. 

□ 

Lemma 32 If 2 < t < t^zo, N > 3, the norm \\u\\ L t satisfies the property 0), 
namely 

{u n is a vanishing sequence} \\u n \\ L t — > 0. 

Proof. We set for j E Z N 

Q j =A(j + Q°) = {Aj + Aq : q e Q } 

where Q° is now the cube defined as follows 

Q° = {(a;i,..,a; n )GM JV :0<a; i <l}. 

Now let lei" and set y = A^ 1 (x). Clearly there exist q e Q° and j e Z N 
such that y = j + q. So 

x = Ay = A(j + q) e Qj. 

Then we conclude that 

j 

Let u n be a bounded sequence in H 1 (R N ) such that, up to a subsequence, 
ll^nlli* > a > 0. We need to show that u n is non vanishing. Then, if C is the 
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constant for the Sobolev embedding H 1 (Qj) C 1} (Qj) and < M, we 

have 



0<a t < /| u „|' = ^/ Kl* =5^ll"» II', . II" 



t V* II 1 1 * — 2 I, |,2 

LKQj) H w "lli'(Qi) 

3 " Vj 3 



< ^SUp ||t*n||^( 0j) J •Hll u «lli'(Q J ) 

< C^SUpHUnll^Q.^ ■5ZH U "llff 1 (Q 3 ) 

= Clsup||u n ||^ Q .)) IKHffi < CM I sup ||w«|lit(Q J .; 



Then 



\ / a * \V(*-2) 
su P ||u„|| it(Qj) j>^ — j 

Then, for any n, there exists j„ € Z N such that 

||w n || Lt(Q .j >a>0. (95) 
Then, if we set Q = ^4Q°,we easily have 

\\ T 3 n u n\\ L t (Q) = ||«n|| £ «(g jB ) >a>0. (96) 

Since u n is bounded, also Tj n u n is bounded in _ff 1 (IR Ar ). Then we have, up 
to a subsequence, that Tj n u n — v «o weakly in ff 1 (R JV ) and hence strongly in 
L*(Q). By {96J, u ^ 0. 

□ 

Lemma 33 Assumption Q) is satisfied namely 

inf A(u) < An 

Proof. This lemma is analogous to lemmaQlJl however in this case the proof 
is easier: since X = _ff 1 (R Ar ), we need only to construct a function u £ iJ 1 (R Ar ) 
such that A(u) < A . 

Such a function can be constructed as follows. Set 

s if \x\ < R 

a J; = { i/ |ar| > iJ+ 1 

M So - (\ x \ - R)K±±s if R <\x\ < R+1 



Then 



J \\7u R \ 2 dx^O(R N - 1 ),J \u R \ 2 dx = 0(R N ), 



so that 



2N 



/ \Vu R \ 2 + 2Vu% 



dx / 1 

<supV + -). (97) 



2/4 — ' ~\R 

Moreover 

f = W(s )meas(B R ) + j W{u R ). 

So 

fW(u R ) dX < W(s ) m eas(B R ) + Cl R^ < ^ < 



Then, by (JSTJ) e O we get 



By lemma [T71 we have inf V < liminfA(u), then 

" \\u\\ Lt ^0 

A(u R )< liminfA(u)+supV-infV r +-^^ (— —] + O ( -V (99) 
\\u\\ Lt ^o \ R J 

On the other hand, since by Lemma US the L l norm satisfies the property 
(O, we have by {6J that 

liminf A(u) < A . (100) 

IMIit-KJ 

Clearly (llOOp and assumption (W3) imply that for R large we have 

A(u R ) < A . 

Then assumption ([3]) is satisfied. 

□ 

Proof of Th. [29] The proof follows from Th. [12 and Lemmas 1501 15T1 and 

El 

□ 



6 Existence of Solitons for the nonlinear Klein- 
Gordon equation 

In this section we shall apply the abstract theorem [221 to the existence of hylo- 
morphic solitons in M. N for the nonlinear Klein-Gordon equation (NKG). There 
are well known results on the existence of stable solutions for (NKG) ([27], [23]) 
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and more recently the existence of hylomorphic solitons for (NKG) has been 
studied in [4] and [2] 

More exactly, we consider the equation 

nip + W'(ip)=0 (NKG) 

where □ = <9 t 2 - A, ifj : R x R N -> C (N > 3) , W : C R and W are as in 
(|2"Tj) (see the beginning of section |3~T|) . Assume that 

W(s) = - m 2 s 2 + N{s), s>0, to^O (101) 

where N(s) = o(s 2 ). 

We make the following assumptions on W: 

• (NKG-i) (Positivity) W(s) > for s > 

• (NKG-ii) (Hylomorphy) 3s G R + such that iy(s ) < |m 2 sg 

• (NKG-iii) (Growth condition) there are constants Ci,Ca > 0, 2 < r, q < 
2N/(N - 2) such that for any s > : 

\N'(s)\ <c 1 s r - 1 +c 2 s q - 1 . 

We shall assume that the initial value problem is well posed for (NKG). Eq. 
(|NKG[) is the Eulcr-Lagrange equation of the action functional 

Sty) = J (i|0Wf-^| 2 - Wty)\ dxdt. (102) 
The energy and the charge take the following form: 



Ety) 



\\dM 2 + \ |V^| 2 + Wty) 



dx (103) 



C(V>) = - Re J idt^tp dx. (104) 
(the sign " minus" in front of the integral is a useful convention) . 

6.1 The NKG as a dynamical system 

We set 

X = iJ^R^C) x L 2 (R^,C) 

and we will denote the generic element of X by u = (jjj (x) , -0 (x)); then, by the 
well posedness assumption, for every u G X, there is a unique solution ip(t,x) 
of (jNlCGj) such that 

ip(Q,x)=il>(x) (105) 
d t ip(0,x) =if)(x). 
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Using this notation, we can write equation (|NKG|) in Hamiltonian form: 

d t tp = $ (106) 
dti> = Aip-W'(i>). (107) 

x X — > X is denned by 

7tu (x) = u(t,x) 



The time evolution map 7 



where u (a;) = (tp (x) , ij) (x)) € X and u (i, a;) = (if) (t, x) , -0 (i, a:)) is the unique 
solution of (|106p and (|107p satisfying the initial conditions (|105|) . The energy 
and the charge, as functionals defined in X, become 



E(u) 



1\Vt/j\ 2 + W(^) 



dx 



C(u) = — Re / da;. 



(108) 
(109) 



6.2 Existence results for NKG 

The following Theorem holds: 

Theorem 34 Assume that W satisfies (NKG-i),...,(NKG-iii). Then there ex- 
ists 5 > such that the dynamical system described by the equation (NKG) has 
a family ug (5 € (0,<5)) of hylomorphic solitons. 

The proof of this theorem is based on the abstract theorem [26] In this 
case the energy E and the hylenic charge C have the form (|103|) and (|104|) 
respectively. 

Assumption (EC-1) is clearly satisfied. E and C are invariant under trans- 
lations, so assumption (EC-2) is satisfied with respect to the action T z of the 
group G = R N where 



T z u(x) = u(x + z), z€ 



It can be seen that the coercitivity assumption (EC-3) is satisfied with a = 0. 
Arguing as in lemma [TBI (replacing W by N) it can be shown that also (EC-4) 
is satisfied, namely that E and C satisfy the splitting property. 
It remains to prove ([3|). First of all we set: 



(f/i, ip) = max (HV'II 



L r > 



Ml 



where r, q are introduced in (NKG-iii). With some abuse of notation we shall 
write max(|M| ir , \\ip\\ Lt ) = \\ip\\ r 
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Lemma 35 The norm \\u\\^ satisfies the property £3J), namely 
{u„ is a vanishing sequence} =>■ HVVillj — > 0. 

Proof. Let tp n be a bounded sequence in H 1 (R N J such that, up to a 
subsequence, llV'nL > a > 0. We need to show that ip n is non vanishing. May 
be taking a subsequence, we have that at least one of the following holds: 



• (ii) H 



n 



\^n\\ L r 
Un\\ Lq 



Suppose that (i) holds. Then, we argue as il lemma [32j If (ii) holds, we 
argue in the same way replacing r with q. 
□ 

Now we set 



A B = liminfA(u) = lim inf |a(^,$) l^eL 2 ;^ H 1 ; \\ip\\^ < e} . 
By remark [SJ we have that Ao > Aj; so let us evaluate Aj. 

Lemma 36 IfW satisfies assumption (NKG-iii), then the following inequality 
holds 

Aj > m. 

Proof. By (NKG-iii) we have 



N(\ip\)dx 
If we assume that HV'llj = 1> 



<k x \m\+hiU\\i 



N{\eip\)dx 



< k l£ r + k 2 e q . 



Now, choose s £ (2, min(r, q)) . Thus, if e > is small enough, since r, q > s > 2, 
we have 



(|W| 2 +m 2 |V>| 2 ) dx 



N(\eip\)dx 



> e s k 3 - fcie r - k 2 e q = k 3 e s - k x e r - k 2 e q > 



and so 



N(e\ip\)dx 
Now we clearly have 



< e s 



(|VV>| 2 +m 2 IV-I 2 ) dx. (110) 
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A* = lim inf 



{A(s^J) \ #€L 2 ,1,€H\\\1>\\ t = l} 



Let us estimate A(eip,^p) using (|1 10|) : 



\ J ( V + |VeV| 2 + ™ 2 |eV| 2 ) dx + J N(\eip\)dx 



Re J ii^e^p dx 



> 



u 






/(|V0| 2 +to 2 |0| 2 ) 


e 


Re J itptp dx 





> 



iff + ^ (1 - 2e s ~ 2 ) m 2 J |V| 2 



> 



1/2 



1/2 



(2 \ 1 / z 
f rfs] • emVl - 2e s - 2 ( J" \ip\ 2 dxj 

/ 2 \ ^/^ 1/2 

£ (/ $ da;) (f\ip\ 2 dx) 



1/2 



Then 

lim A(e?/>, -0) > to. 

So the conclusion follows by and (|112[) . 

□ 

Next we will show that the hylomorphy assumption ([3]) is satisfied. 
Lemma 37 Assume that W satisfies (NKG-i),...,(NKG-iii), then 

inf A(u) < A . 

Proof. Let R > 0; set 



UR 



so 




if \x\ < R 
if \x\> R + l 



&s -(\x\-R)^s if R< \x\ <R+1 
By (NKG-ii) there exists < /3 < to such that 



We set = ur, and ■0 = /3ur. 
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Then 



inf A(u) = inf 



< 



< 



Re J i-ifrtp dx 

J \u R \ 2 + \ |Vu K | 2 + W(u R )) dx 
f3 J \u R \ 2 dx 



\x\<R 



\u R \ dx 



+ 



Xfi<ixi<fl+i (¥ 2 M 2 + 5 l v ^.l 2 + ^(^)) ^ 



0/k|<jil u *l dx 



2 ^JbkflM 2 ^ 



Then, by (|114|t . we have 



Hp 2 



infA(u)<j-/3 + ^ l<Jtj ' . 
uex 2 ^/w<«l-o| a <fa 



So 



infA(u)</3. (115) 
Then, since j3 < to, by remark [9l lemma [36] and (11 1 5|) . we have that 
Ao > Aj > to > /? > inf A(u) 

and so the conclusion easily follows. 
□ 

Proof of Th. SI The assumptions (EC- 1 ),..., (EC-4) and © are satisfied, 
then the proof follows by using Th. 
□ 

We conclude this section with the following theorem which gives some more 
information on the structure of the solitons: 

Theorem 38 Let u be a hylomorphic soliton relative to the equation (NKG) 
with initial data Uo(x) — (ipo(x), ipo(x)) € X . Then there exists wel such that 
ipo satisfies the equation 



-00 = -iwifro 



and 



ltu (x) 



i) Q (x)e- iut 
-iu:4>Q{x)e- iut 



(116) 



(117) 
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Proof. Since u is a hylomorphic soliton it is a critical point of E constrained 
on the manifold 9Jt c = {u E X : C(u) = c} . 
Clearly 

E'(u ) = -ujC"{u ) (118) 

where —uj is a Lagrange multiplier. We now compute the derivatives E'(uq), C'(uq). 
For all (v ,vi)eX = ff^R^C) x L 2 (R N ,C), we have 



E'(u ) 



Vo 




. V1 





■0ot'i + V^oVuo + W'(x, ip )vo 



dx 



C'(u ) 



Vo 
Vl 



— Re J (i'tpovo + iviipoj dx 

— Re J (i^ovo + iviipo^j dx 

— Re / [iipovo — iipovi) dx. 



Then (|118[) can be written as follows: 

Re J [V^oVwo + W (x,^o)vo] dx — ujKe J iipoVQ dx 

Re J ipovi dx = —uj Re J iipovl dx. 

Then 

-Atp + W'(x,ij>o) = iujipo 

4'o = -iujipo- 



(119) 



So we get (|116|) . From (|116p and (|119j) . we easily verify that (|117[) solves 

nm mm . 

□ 
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